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Abstract. In this paper, we consider two-player zero-sum stochastic
mean payoff games with perfect information modeled by a digraph with
black, white, and random vertices. These BWR-games games are polynomially equivalent with the classical Gillette games, which include many
well-known subclasses, such as cyclic games, simple stochastic games,
stochastic parity games, and Markov decision processes. They can also
be used to model parlor games such as Chess or Backgammon.
It is a long-standing open question if a polynomial algorithm exists that
solves BWR-games. In fact, a pseudo-polynomial algorithm for these
games with an arbitrary number of random nodes would already imply their polynomial solvability. Currently, only two classes are known
to have such a pseudo-polynomial algorithm: BW-games (the case with
no random nodes) and ergodic BWR-games (in which the game’s value
does not depend on the initial position) with constant number of random
nodes. In this paper, we show that the existence of a pseudo-polynomial
algorithm for BWR-games with constant number of random vertices implies smoothed polynomial complexity and the existence of absolute and
relative polynomial-time approximation schemes. In particular, we obtain smoothed polynomial complexity and derive absolute and relative
approximation schemes for BW-games and ergodic BWR-games (assuming a technical requirement about the probabilities at the random nodes).

1

Introduction

The rise of the Internet has led to an explosion in research in game theory: the
mathematical modeling of competing agents in strategic situations. The central
concept in such models is that of a Nash equilibrium, defining a state where
?
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no agent gains an advantage by changing her current strategy; it serves as a
prediction for the outcome of strategic situations in which selfish agents compete.
A fundamental result in game theory shows that if the agents can choose a
mixed strategy (i.e., probability distributions of deterministic strategies), a Nash
equilibrium is guaranteed to exist in finite games. Often, however, already pure
(i.e., deterministic) strategies already lead to a Nash equilibrium. Still, the existence of Nash equilibria might be irrelevant in practice, since their computation
would take too long. Thus, algorithmic aspects of game theory have gained a lot
of interest. Following the dogma that only polynomial time algorithms are feasible in practice, it is desirable to show polynomial time complexity for the computation of Nash equilibria. On the other hand, in cases where such an efficient
algorithm is not known to exist an approximate notion of Nash equilibria has
been suggested, in which no agent can gain a substantial advantage by changing
her current strategy. In this paper, we advocate another notion of tractability
by considering the smoothed complexity of a well-known two-player stochastic
game for which the existence of a polynomial algorithm is a long-standing open
question. In contrast to the usual worst-case complexity, smoothed complexity
analyzes the running time of algorithms on typical instances. By establishing
smoothed polynomial complexity, we argue that the computation of a Nash
equilibrium is feasible in all, but artificially constructed worst-case instances.
The model that we consider is mean stochastic payoff games or BWR-games:
we are given a directed graph G = (V, E) whose vertex set V is partitioned into
three subsets V = VB ∪ VW ∪ VR that correspond to black, white, and random
positions, respectively. The arcs stand for moves. The black and white vertices
are owned by two players: Black – the minimizer – owns the black vertices in
VB , and White – the maximizer – owns the white vertices in VW . The vertices
in VR are owned by nature. We have a local reward re ∈ R for each arc e ∈ E
and a probability pvu for each arc (v, u) going out of v ∈ VR . Starting from some
vertex v0 ∈ V , a token is moved along one arc e in every round of the game. If
the token is on a black vertex, Black selects an outgoing arc e and moves the
token along e. If the token is on a white vertex, White selects an outgoing arc
e. In a random position v ∈ VR , a move e = (v, u) is chosen according to the
probabilities pvu of the outgoing arcs of v. In all cases, Black pays White the
reward re on the selected arc e. A strategy of a player is a mapping that assign
a move (u, v) ∈ E to each position u he owns.
Starting from a given initial position v0 ∈ V , the game produces for a pair of
fixed strategies (i.e., one for each player) an infinite walk {v0 , v1 , v2 , . . .} (called a
play). Let bi denote the reward rvi vi+1 received by White in step i ∈ {0, 1, . . .}.
The undiscountedPlimit average effective payoff is defined as the Cesàro average
n
E[bi ]
. White’s objective is to maximize c, while Black’s
c = lim inf n→∞ i=0
n+1
objective is to minimize c. Every such game is known to have a pair of uniformly
optimal strategies that result in a Nash equilibrium (called a saddle point) from
any initial position [4, 8]. All optimal pairs of strategies, from a given initial
position v result in a unique payoff µ(v), called the value of the game at v. An
algorithm is said to solve the game if it computes an optimal pair of strategies.
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BWR-games are an equivalent formulation [5] of the stochastic games with
perfect information and mean payoff that were introduced in 1957 by Gillette [4].
They generalize many important problems. The special case of BWR-games
without random vertices (VR = ∅) is known as cyclic or mean payoff games
(see, e.g., [5]); we call these BW-games. If one of the sets VB or VW is empty,
we obtain a Markov decision process for which polynomial-time algorithms are
known [9]. If both are empty (VB = VW = ∅), we get a weighted Markov chain.
Besides their many applications, all these games are of interest to complexity
theory: Karzanov and Lebedev [7] proved that the decision problem “whether
the value of a BW-game is positive” is in the intersection of NP and co-NP.
Yet, no polynomial algorithm is known even in this special case, see, e.g., the
recent survey by Vorobyov [14]. A similar complexity claim can be shown to
hold for BWR-games. On the other hand, there exist algorithms (see, e.g., [5])
that solve BW-games in practice very fast. The situation for these games is thus
comparable to linear programming before the seminal discovery of the ellipsoid
method, where the problem was also known to lie in the intersection of NP and
co-NP and where the simplex algorithm proved to be a fast algorithm in practice.
Spielman and Teng [12, 13] introduced smoothed analysis to explain the practical
performance of the simplex method. We further enforce this analogy by showing
a smoothed polynomial complexity for a large class of BWR-games.
While there are numerous pseudo-polynomial algorithms known for the BWcase [5, 15], pseudo-polynomiality for BWR-games (with no restriction on the
number of random nodes) is in fact equivalent to polynomiality [1]. Recently, a
pseudo-polynomial algorithm was given in [3] for BWR-games with a constant
number of random vertices and polynomial common denominator of transition
probabilities, but under the assumption that the game is ergodic, i.e., the game
value does not depend on the initial position. However, the existence of a similar algorithm for the non-ergodic or non-constant number of random vertices
remains open, as the approach in [3] does not seem to generalize to these cases.
1.1

Our Results and Some Related Work

Approximation Schemes. The only result that we are aware of regarding approximation schemes is the observation made by Roth et al. [11] that the values of
BW-games can be approximated within an absolute error of ε in polynomialtime, if all rewards are in the range [−1, 1]. This follows immediately from truncating the rewards and using any of the known pseudo-polynomial algorithms.
In this paper, we generalize this result to BWR-games in two directions.
Throughout the paper, we write G for any class of digraphs G = (VB ∪ VW ∪
VR , E) that admit a pseudo-polynomial algorithm A, i.e., A solves any BWRgame G on G ∈ G, with integral rewards and rational transition probabilities,
in time polynomial in n, D, and R, where n = n(G) is the total number of
vertices, R = R(G) is the size of the range of the rewards, and D = D(G) is
the common denominator of the transition probabilities. E.g., digraphs without
random vertices are known to belong to G. The same holds for digraphs that have
a constant number of random nodes and are structurally ergodic [6], i.e., for any
3

set of rewards, all positions have the same game value. Note that the dependence
on D is inherent in all known pseudo-polynomial algorithms for BWR-games.
Let pmin = pmin (G) be the minimum positive transition probability in the
game G. Throughout the paper, we will assume that k := |VR | is constant.
Theorem 1. For any ε > 0, there exists for each of the following two cases an
algorithm that returns a pair of strategies that approximates the value of any
BWR-game on G ∈ G from any starting position:
i. With rewards in the interval [−1, 1], within an absolute error of ε, in time
1
, 1ε ).
poly(n, pmin
ii. With non-negative integral rewards, within a relative error of ε, in time
1
poly(n, log R, pmin
, 1ε ).
Our reduction in case (i), unlike case (ii), has the property that if the pseudopolynomial algorithm returns uniformly optimal strategies, i.e., that are independent of the starting position, then so does the approximation scheme (in an
approximate sense). With some more work, we can show that the same is also
true in case (ii) of Theorem 1 for BW-games.
In deriving these approximation schemes from a pseudo-polynomial algorithm as defined above, we face two main technical challenges that distinguish
the computation of approximate equilibria of BWR-games from similar standard
techniques used in optimization: (i) the running time of the pseudo-polynomial
algorithm depends polynomially both on the maximum reward and the common
denominator D of the transition probabilities; thus to obtain a fully polynomialtime approximation scheme (FPTAS) with an absolute guarantee whose running
time is independent of D, we need to truncate the probabilities and bound the
change in the game value, which is a non-linear function of D, (ii) to obtain an
FPTAS with a relative guarantee, one usually exploits a (trivial) lower/upper
bound on the optimum value; this is not possible in the case of BWR-games, since
the game value can be arbitrarily small; the situation becomes even more complicated, if we look for uniformly ε-optimal strategies, since we have to output one
pair of strategies which guarantees ε-optimality from any starting position. In
order to solve the first issue, we analyze the change in the game values and optimal strategies if the rewards or transition probabilities are changed. The second
issue is solved through repeated applications of the pseudo-polynomial algorithm
on a truncated game; after each such application we show that either the value
of the game has already been approximated within the required accuracy, or
the range of the rewards can be shrunk by a constant factor without changing
the value of the game (Sections 3.2 and 3.3).Since BW-games and structurally
ergodic BWR-games with constant k admit pseudo-polynomial algorithms, we
obtain the following results.
Corollary 1. There is an FPTAS that solves,
i. within a relative error, in uniformly ε-optimal strategies, any BW-game with
non-negative (rational) rewards;
4

ii. within an absolute error, in uniformly ε-optimal strategies, any structurally
1
= poly(n);
ergodic BWR-game with rewards in [−1, 1] and pmin
iii. within a relative error, in uniformly ε-optimal strategies, any structurally
1
ergodic BWR-game with non-negative rational rewards and pmin
= poly(n).
Note that (i) strengthens the absolute FPTAS for BW-games [11], and (ii) and
(iii) enlarge the class of games for which an FPTAS exists.
Smoothed Analysis for BWR-games. We further show that typical instances of
digraphs that admit a pseudo-polynomial algorithm can be solved in polynomial
time. Towards this end, we do a smoothed analysis using the one-step model
introduced by Beier and Vöcking [2]: an adversary specifies a BWR-game G and
for each arc a density function. These functions are bounded from above by a
parameter φ. Then the rewards for all arcs are drawn independently according
to their respective density functions. We prove that in this setting, independent
of the actual choices of the adversary, the resulting game can be solved in polynomial time with high probability; there exists a polynomial P (n, φ, 1/ε) such
that the probability that the algorithm exceeds a running-time of P (n, φ, 1/ε) is
at most ε. This shows that such BWR-games with a constant number of random
vertices have smoothed polynomial complexity.
Theorem 2. There is an algorithm solving any BWR-game on any G ∈ G with
rational transition probabilities and D = poly(n) in smoothed polynomial time.
Theorem 2 is similar to the result by Beier and Vöcking [2] who showed that a
binary optimization problem defined by linear constraints and a linear objective
function has smoothed polynomial complexity if it admits a pseudo-polynomial
algorithm. Our proof of Theorem 2 has a similar structure like their analysis.
However, in the case of BWR-games, the situation becomes more complicated:
First, we have to deal with two conflicting objectives (of the two players). Second,
the coefficients of the objective functions are not given explicitly. In consequence,
our proof requires a novel isolation lemma that deals with two players who
optimize the same objective function in two different directions. Furthermore,
our procedure for certifying that the solution found is indeed the optimal solution
is considerably more involved and requires careful rounding of the coefficients in
order to certify optimality.
Corollary 2. (i) BW-games and (ii) structurally ergodic BWR-games with D =
poly(n) can be solved in smoothed polynomial time.
Let us remark finally that removing the assumption that k is constant in the
above results remains a challenging open problem.

2

Preliminaries, Notation and Basic Properties

BWR-games and Markov Chains. A BWR-game is defined by a triple G =
(G, P, r), where G = (V = VW ∪VB ∪VR , E) is a digraph that may have loops and
5

multiple arcs, but no terminal vertices, i.e., vertices of out-degree 0; P ∈ [0, 1]E
is the vector of probability distributions for all v ∈ VR specifying the probability
pvu of a move from v to u; r ∈ RE is a local reward function. It is assumed that
P
u:(v,u)∈E pvu = 1 for all v ∈ VR and pv,u > 0 whenever (v, u) ∈ E and v ∈ VR .
Standardly, we define a strategy sW ∈ SW for White as a mapping that
assigns a move (v, u) ∈ E to each position v ∈ VW . For simplicity, we may write
sW (v) = u for sW (v) = (v, u). Strategies sB ∈ SB for Black are analogously
defined. A pair of strategies s = (sW , sB ) is called a situation. Given a BWRgame G = (G, P, r) and a situation s = (sB , sW ), we obtain a weighted Markov
chain G(s) = (G(s) = (V, E(s)), P (s), r) with transition matrix P (s) defined by:


if (v ∈ VW and u = sW (v)) or (v ∈ VB and u = sB (v));
1
pvu (s) = 0
if (v ∈ VW and u 6= sW (v)) or (v ∈ VB and u 6= sB (v));


pvu if v ∈ VR .
Here, E(s) = {e ∈ E | pe (s) > 0} is the set of arcs with positive probability.
Given an initial position v0 ∈ V from which the play starts, we
P define the limiting
(mean) effective payoff cv0 (s) in G(s) as cv0 (s) = ρ(s)T r = e∈E ρe (s)re , where
ρ(s) = ρ(s, v0 ) ∈ [0, 1]E is the arc-limiting distribution for G(s) starting from v0 .
This means that for (v, u) ∈ E, ρvu (s) = πv (s)pvu (s), where π ∈ [0, 1]V is the
limiting distribution in the Markov chain G(s) starting from v0 . In what follows,
we use (G, v0 ) to denote the game starting from v0 . We write ρ(s) for ρ(s, v0 ),
when v0 is clear from the context. For rewards r : E → R, let r− = mine re and
r+ = maxe re . Let [r] = [r− , r+ ] be the range of r. Let R = R(G) = r+ − r− .
Strategies and Saddle Points. If we consider cv0 (s) for all possible situations,
we obtain a matrix game Cv0 : SW × SB → R, with entries Cv0 (sW , sB ) =
cv0 (sW , sB ). Every such game has a Nash equilibrium in pure strategies [4, 8];
a corresponding pair of strategies is said to be optimal. Moreover, there exists
optimal strategies (s∗W , s∗B ) that do not depend on the starting position v0 ; such
strategies are called uniformly optimal. Although there might be several optimal
strategies, it is easy to see that they all lead to the same value. We define this
to be the value of the game and write µv0 (G) := Cv0 (s∗W , s∗B ) where (s∗W , s∗B )
is any pair of optimal strategies. Note that µv0 (G) may depend on the starting
node v0 .

3

Approximation Schemes

Given a BWR-game G = (G = (V, E), P, r), a constant ε > 0, and a starting position v ∈ V , an ε-relative approximation of the value of the game is determined
by a situation (s∗W , s∗B ) such that
max µv (G(sW , s∗B )) ≤ (1 + ε)µv (G)
sW

and

min µv (G(s∗W , sB )) ≥ (1 − ε)µv (G).
sB

(1)

An alternative to relative approximations is to look for an approximation with
absolute error of ε. This is achieved by a situation (s∗W , s∗B ) such that
max µv (G(sW , s∗B )) ≤ µv (G) + ε
sW

and
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min µv (G(s∗W , sB )) ≥ µv (G) − ε.
sB

(2)

A situation (s∗W , s∗B ) satisfying (1) (resp., (2)) is called relative (resp., absolute)
ε-optimal. If the pair (s∗W , s∗B ) is ε-optimal for any starting position, it is called
uniformly ε-optimal.
3.1

Absolute Approximation

Let G = (V, E) be a graph in G and G = (G, P, r) be a BWR-game on G.
In this section, we assume that r− = −1 and r+ = 1, i.e., all rewards are
from the interval [−1, 1]. We apply the pseudo-polynomial algorithm A on a
truncated game G̃ = (G = (V, E), P̃ , r̃) defined by rounding the rewards to the
nearest integer multiple of ε/4 (denoted r̃ := bre 4ε ), and truncating the vector
of probabilities (pvu : u ∈ V ) for each random node v ∈ VR as follows.
Lemma 1. Let α ∈ [0, 1]n with kαk1 = 1. Let B ∈ Z+ be an integer such that
mini:αi >0 {αi } > 2−B . Then there exists α0 ∈ [0, 1]n such that (i) kα0 k1 = 1;
(ii) for all i = 1, . . . , n, αi0 = ci /2B where ci ∈ Z+ is an integer; (iii) for all
i = 1, . . . , n, αi0 > 0 if and only αi > 0, and (iv) kα − α0 k∞ ≤ 2−B .
Lemma 2. Let A be a pseudo-polynomial algorithm that solves, in (uniformly)
optimal strategies, any BWR-game G = (G, P, r) with G ∈ G in time τ (n, D, R).
Then for any ε > 0, there is an algorithm that solves, in (uniformly) absolute
ε-optimal strategies, any BWR-game G = (G, P, r) with G ∈ G in time bounded
2k+5 3 2
by τ (n, 2 εp2kn k , 4ε ), where pmin = pmin (G).
min

3.2

Relative approximation

Let G = (V, E) be a graph in G and G = (G, P, r) be a BWR-game on G with
non-negative rational rewards (i.e., r− = 0). Without loss of generality, we may
assume that the rewards are integral with mine:re >0 re = 1. The algorithm is
given as Algorithm 1. The main idea is to truncate the rewards, scaled by a
certain factor 1/K, and use the pseudo-polynomial algorithm on the truncated
game Ĝ. If the value in the truncated game µw (Ĝ), from the starting node w, is
large enough (step 5) then we get a good relative approximation of the original
value and we are done. Otherwise, the information that µw (Ĝ) is small allows us
to reduce the maximum reward by a factor of 2 in the original game (step 8).
Thus the algorithm terminates in polynomial time (in the bit length of R(G)).
To remove the dependence on D in the running time, we need also to truncate
the transition probabilities. In the algorithm, we denote by P̃ the transition
probabilities obtained from P by applying Lemma 1 with B = dlog 1/ε0 e, where
p2k
min
,
22k+3 n3 k2 θ

where θ = θ(G) := 2(1+ε)(3+2ε)n
, so that 2δ(G, ε0 ) ≤
εp2k+1
min

−k 
−k
r+ (G)
ε 2 1
εnk(k + 1) 12 pmin
+ 3k +
θ(G) := K(G), where δ(G, ε) :=
2 n 2 pmin


1 + εn r∗ with r∗ = r∗ (G) := max{|r+ (G)|, |r− (G)|}.
we select ε0 =

Lemma 3. Let A be a pseudo-polynomial algorithm that solves any BWR-game
G = (G, P, r) with G ∈ G in time τ (n, D, R). Then for any ε ∈ (0, 1), there
7

Algorithm 1 FPTAS-BWR(G, w, ε)
Input: a BWR-game G = (G = (V, E), P, r), a starting vertex w ∈ V , an accuracy ε.
Output: an ε-optimal pair (s̃W , s̃B ) for the game (G, w).
1: if r+ (G) = 1 then
2:
Ĝ := (G, P̃ , r); return A(Ĝ, v)
+
(G)
3: K := rθ(G)
; r̂e = b rKe c for e ∈ E; Ĝ = (G, P̃ , r̂)
4: (s̃W , s̃B ) := A(Ĝ, w)
5: if µw (Ĝ) ≥ 3ε then
6:
return (s̃W , s̃B )
7: else

(

+

+

r
d r2 e if re > 2(1+ε)
re
otherwise

8:

for all e ∈ E, let r̃e =

9:

G̃ := (G, P, r̃); return FPTAS-BWR(G̃, w, ε)

Algorithm 2 FPTAS-BW(G, ε)
Input: a BW-game G = (G = (V = VB ∪ VW , E), r), and accuracy ε.
Output: a uniformly ε-optimal pair (s̃W , s̃B ) for G.
1: if r+ (G) = 1 then
2:
return A(G)
re
ε0 r +
3: K := 2(1+ε
0 )2 n ; r̂e = b K c for e ∈ E; Ĝ = (G, r̂)
4: (ŝW , ŝB ) := A(Ĝ); U := {u ∈ V | µu (Ĝ) ≥
5: if U = V then
6:
return (s̃W , s̃B ) = (ŝW , ŝB )
7: else
8:
G̃ := G[V \ U ]
(

1
}
ε0

+

9:
10:
11:
12:

for all e ∈ E(G̃), let r̃e =

+

r
d r2 e if re > 2(1+ε
0)
re
otherwise

G̃ := (G̃, r̃)
(s̃W , s̃B ) :=FPTAS-BW(G̃, ε)
s̃(w) := ŝ(w) for all w ∈ U ; s̃ = (s̃W , s̃B )

is an algorithm that solves, in relative ε-optimal strategies, any BWR-game
(G
starting position w, in time
 = (G, P, r), w) with G ∈ G, from any given 
k+2

τ n, 4

n4 k2 (1+ε)(3+2ε) 2(1+ε)(3+2ε)n
,
εp2k
εp2k+1
min
min

+ poly(n) (blog Rc + 1).

Remark 1. It is easy to see that, for structurally ergodic BWR-games, one can
modify the above procedure to return uniformly ε-optimal strategies.
3.3

Uniformly relative ε-approximation for BW-games

Note that the FPTAS in Lemma 3 does not necessarily return a uniformly εoptimal situation, even if the pseudo-polynomial algorithm A provides a uniformly optimal situation. In case of BW-games, we can modify this FPTAS to
8

return a situation which is ε-optimal for all v ∈ V . The algorithm is given as Algorithm 2. The main difference is that when we recurse on a game with reduced
rewards (step 11), we have also to delete all nodes that have large values µ(G̃, v)
in the truncated game. This is similar to the approach used to decompose a
BW-game into ergodic classes [5]. However, the main technical difficulty is that,
with approximate equilibria, White (resp., Black) might still have some incentive to move from a higher-value (resp., lower-value) class to a lower-value
(resp., higher-value) class, since the values are just estimated approximately. We
show that such a move will not be very profitable for White (resp., Black).
As before, we assume that the rewards are integral with mine:re >0 re = 1.
Lemma 4. Let A be a pseudo-polynomial algorithm that solves, in uniformly optimal strategies, any BWR-game G = (G, P, r) with G ∈ G in time τ (n, R). Then
for any ε > 0, there is an algorithm that solves, in uniformly relative ε-optimal
0 2
) n
)+
strategies, any BW-game G = (G, P, r) with G ∈ G, in time (τ (n, 2(1+ε
ε0
poly(n))h, where h = blog Rc + 1, and ε0 = ln(1+ε)
.
4h−2

4

Smoothed Analysis

We use the following notion of polynomial smoothed complexity introduced by
Beier and Vöcking [2]. A problem is said to have smoothed polynomial complexity if and only if there exists an algorithm A with running-time T and a constant
α such that
∀φ ≥ 1, ∀n ∈ N :

max EX∼f (T (X)α ) = O(nφ) .

f ∈Dn (φ)

(3)

Here, Dn (φ) denotes all possible vectors of density functions bounded by φ for
instances of size n, and X is an instance drawn according to f . Equivalently,
there exists a polynomial P (n, φ, 1/ε) such that with probability at most ε, A
exceeds a running-time of P (n, φ, 1/ε).
Let A be a pseudo-polynomial algorithm that solves any BWR-game G =
(G, P, r) with G = (V, E) ∈ G. In this section, we show that any such game
can be solved in smoothed polynomial time. For this, we assume that an adversary specifies a game together with density functions for the rewards (one for
each arc), and these density functions are bounded by φ, and show a bound as
in (3). One (technical) issue is that the perturbed rewards are of course real,
non-rational numbers with probability 1. Thus, we cannot really use existing
algorithms as sub-routine, and we cannot even compute anything with these
numbers on an ordinary RAM. To cope with this problem, we use Beier and
Vöcking’s [2] approach and assume that the rewards are in [−1, 1] and that we
can access the bits of the rewards one-by-one.
To state our results in a bit more general setting, we will assume that A solves
any BWR-game G in uniformly optimal strategies. If this was not the case, then
it is easy to modify the procedure and analysis in this section to solve the game
starting from a given vertex.
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Algorithm 3 Solve(G)
Input: a BWR-game G = (G = (V, E), P, r).
Output: an optimal pair (s̃W , s̃B ) for the game G.
1: `0 ← log((nD)c0 φ); i ← 0 {c0 is a constant to be specified later}
2: repeat
3:
` := `0 + i; ε ← 2−` ; i := i + 1
4:
r̃ := brc` ; G̃ := (G, P, r̃); G̃ 0 := (G, P, 2` r̃)
5:
(s̃W , s̃B ) := A(G̃ 0 )
6: until s̃ is optimal in G̃e,ε for all e ∈ E

Before describing the procedure (Algorithm 3), we need to introduce some
notation. Let us write bxcb for the largest integer smaller than or equal to x that
has b bits (i.e., we basically cut off all bits after the b-th bit). Let γ = γ(G) :=
(kn)−2 (2D)−2(k+2) and ε > 0. Given the game G = (G = (V, E), P, r), define,
for each e ∈ E, the game Ge,ε = (G, P, r(e)), where
(
re + 2γ −1 ε if e0 = e,
re0 (e) =
(4)
re0
otherwise.
The basic idea behind our smoothed analysis is as follows: We use a certain
number of bits for each reward. Then we run the pseudo-polynomial algorithm to
solve the resulting game with the rewards rounded down (and scaled to integers)
because we do not have more bits at that point (Step 4). This can be done in
polynomial-time as long as we have O(log n) bits. Then we try to certify that the
solution obtained is also a solution for the true rewards (Step 6). If this succeeds,
then we are done. If this fails, then we use one more bit and repeat the process.
To prove a smoothed polynomial running time, we need to show that with
high probability a logarithmic number of bits suffices to compute an equilibrium
for the original (untruncated) game. Furthermore, we have to devise a certificate
proving that the computed equilibrium is indeed an equilibrium for the original
game (we will show that such a certificate is given in Step 6). Both results are
based on a sensitivity analysis of the game: we show that by changing the rewards
slightly, an optimal strategy remains optimal for the changed game.
A key ingredient for our smoothed analysis is an adaption of the isolation
lemma [10] to our setting. An adaption of the isolation lemma has already been
used successfully in smoothed analysis of integer programs [2]. It basically says
the following: Of course, there are exponentially many alternative strategies for
each player. But if a player replaces the optimal strategy with an alternative
strategy, the payoff for the respective player gets worse significantly.
Lemma 5 (Isolation Lemma). Let E be a finite set, and F ⊂ RE
+ be a family of (distinct) vectors, such that for any distinct ρ, ρ0 ∈ F, there exists an
e ∈ E with |ρe − ρ0e | ≥ γ. Let {we }e∈E be independent continuous random
variables with maximum density φ. Define gap(w) := wT ρ∗ − wT ρ∗∗ , where
ρ∗ = argmaxρ∈F wT ρ and ρ∗∗ = argmaxρ∈F , ρ6=ρ∗ wT ρ. Then Pr(gap(w) ≤ ε) ≤
2
|E|εφ κγ , where κ = maxe∈E |Fe |, and Fe = {x | ρe = x for some ρ ∈ F}.
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We use the above lemma with the set F representing a set of arc-limiting
distributions, corresponding to a set of situations in the game starting from a
certain vertex. For that we need bounds for κ and γ.
Lemma 6. Let G = (G = (V, E), P, r) be a BWR-game, u ∈ V be any vertex,
and s be an arbitrary situation. Then (i) every entry of the arc-limiting distribution ρ(s) for the Markov chain (G(s), u) can be written as rational numbers of the
form ab , where a, b ∈ Z+ and a, b ≤ kn(2D)k+2 . Hence, (ii) the number of possible entries in ρ(s) is bounded by κ = (kn)2 (2D)2(k+2) , and (iii) for any situation
s0 such that ρ(s0 ) 6= ρ(s), there is an arc e such that ρe (s) − ρe (s0 ) ≥ γ = γ(G).
To use the given pseudo-polynomial algorithm, we have to truncate the (perturbed) rewards after a certain number of bits. The following lemma assures that
this is possible (with high probability) without changing the optimal strategies,
as long as the rounded rewards and the true rewards are close enough. Before
we state the lemma, it is useful to observe that, if the rewards are continuous,
independently distributed random variables, then, for any two distinct situations
s and s0 , we have Pr(µu (G(s)) = µu (G(s0 ))) = 0 if and only if ρ(s) 6= ρ(s0 ). Thus
for the structurally ergodic case, with probability one, two distinct situations result in two distinct values. On the other hand, in the general case, there might be
many optimal situations, but all of them lead to the same limiting distribution.
Given a strategy sW ∈ SW of White we call a uniform best response (UBR)
of Black any strategy s∗B ∈ SB , such that µu (G(sW , s∗B )) ≤ µu (G(sW , sB )) for
all sB ∈ SB . Similarly, a UBR of White is defined. (Note that the existence
of such a UBR is an immediate corollary of the existence of uniformly optimal
situations in BWR-games.) We denote by UBRG (sW ) and UBRG (sB ) the sets of
uniform best responses in G, corresponding to strategies sW and sB , respectively.
Lemma 7. Let G = (G = (V, E), P, r), G 0 = (G = (V, E), P, r0 ) be two BWRgames such that r = (re )e∈E is a vector of independent continuous random
variables with maximum density φ, and kr0 − rk∞ ≤ ε, for some given ε > 0.
3
εφ
Let θ := 2n
γ(G)3 . Then, the following holds for any situation s:
i. Pr(s is not uniformly optimal in G 0 | s is uniformly optimal in G) ≤ 2θ;
ii. Pr(s is not uniformly optimal in G | s is uniformly optimal in G 0 ) ≤ 2θ.
Still, it can happen that rounding results in different optimal strategies. How
can we be sure that the solution obtained from the rounded rewards is also
optimal for the game with the true rewards? Step 6 in Algorithm 3 is one way
to do this. The basic idea is as follows: Let s̃ be a uniformly optimal situation
in the rounded game. Lemma 7 says that with high probability s̃ is a uniformly
optimal situation in G, and hence it is also uniformly optimal in any game on
the same graph and transition matrix, but with rewards lying in a small interval
around the rounded rewards. Thus, we create |E| copies of the truncated game;
in each copy the reward on a single arc is perturbed by a certain amount within
this small interval. If s̃ is uniformly optimal in all these games, then it is also
uniformly optimal for all rewards from that small interval. The following lemma
justifies the correctness of this certificate.
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Lemma 8. Let G̃ = (G = (V, E), P, r̃) be a BWR-game and u be an arbitrary
vertex. Consider a situation s̃ = (s̃W , s̃B ) such that, for all e ∈ E, s̃ is optimal in
the game (G̃e,ε , u) (defined in (4)). Then s̃ is also optimal in (G = (G, P, r), u),
for any r such that kr − r̃k∞ ≤ ε.
Now, we have all ingredients to prove that Algorithm 3 solves, in uniformly
optimal strategies and in smoothed polynomial time, any BWR-game on a graph
which admits a pseudo-polynomial algorithm and have a constant number of
random vertices. This establishes Theorem 2.
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